Abstract: This paper deals with a comprehensive study on robust control of particle size distribution of fractal agglomerate in aerosol processes with simultaneous chemical reaction, nucleation, condensation and coagulation. Firstly, a general aerosol process is described by population balance and mass and energy balances, which describes the evolution of particle size distribution, continuous phase species and temperature of the aerosol system, respectively. A lognormal moment approximations of the population balance model is then presented. Then, the robust state feedback controller is designed for the aerosol process with some unknown uncertainties, the proposed controller is composed of an nominal control term and a robust control term so that it only ensures the stability of the closed-loop system, but also attenuates the effect of the unknown uncertainties on the system. A high-gain observer is adopted to estimate state variables required in the on-line implementation of the state feedback. Finally, the proposed robust controller is applied to an aerosol process for achieving an aerosol size distribution with desired geometric average particle diameter, the simulation results show the robustness properties of the controller with respect to parametric model uncertainty and unmodeled dynamics.
Introduction
Aerosol process is of interest in many problems of ecology, atmospheric physics, and mechanics of multiphase system [1] [2] [3] . The evolution of an aerosol size distribution is modeled by population balance equations, which give rise to nonlinear partial integro-differential equation systems. The nonlinearities usually arise from complex reaction, nucleation, condensation and coagulation rates and their nonlinear dependence on temperature. A variety of solution techniques have been developed to address the complexity at various levels. In most cases, one needs to resort to numerical solutions. One of the standard numerical techniques is to discretize the population balance equation using finite difference/element methods (see [4] [5] [6] [7] [8] , and the references cited therein), but these methods suffer from extremely large computational requirements which cannot be accommodated by conventional computers. Sectional models offer a computationally less demanding solution by approximating the continuous size distribution by a finite number of sections within which the particle size distribution (PSD) function is assumed to be constant [9] . On the other hands, under appropriate simplifying assumptions, analytical solutions have been developed to solve the population balance equation [10] [11] [12] [13] .
Recently, the issue of population balance mode-based feedback control of PSD has received considerable attention [14] [15] [16] . Previous work in this area include stability analysis and the application of the conventional control schemes to crystallizers and emulsion polymerization processes [17] . Unfortunately, conventional control schemes perform poorly in the face of severe process nonlinearities, and may even 386 Z. Xiang lead to destabilization of the closed-loop system. These limitations of conventional control schemes have motivated research efforts towards synthesizing nonlinear model-based feedback controllers on spatiallyhomogeneous aerosol processes with application to size distribution control in continuous crystallizers [18, 19] , and titania aerosol reactor [20, 21] .
However, most real aerosol systems have uncertainties include unknown or partially known timevarying process parameters, exogenous disturbance, and unmodeled dynamics. It is well known that the presence of uncertain variables and unmodeled dynamics, if not taken into account in the controller design, may be lead to severe deterioration of the nominal closed-loop performance or even to closedloop instability. Therefore, it is very important thing to study robust control of nonlinear aerosol systems with uncertainty.
This paper focuses on robust control of particle process described by uncertain population balances. The objective is to develop a general method for the synthesis of practically implementable robust nonlinear controller that explicitly handle time-varying uncertain variables (such as unknown process parameters and disturbances) and unmodeled dynamics. The robust nonlinear controller enforces stability in the closed-loop system and attenuation of the effect of uncertain variables on the system, and achieve PSD with desired characteristics. To present robust output feedback control techniques that are applicable to a broad range of aerosol systems, we choose to focus on an aerosol process that involves simultaneous chemical reaction, nucleation, condensation and coagulation rather than a specific aerosol.
The remainder of this paper is organized as follows: In Section 2, a general aerosol process is described by population balance and mass and energy balances, which describes the evolution of particle size distribution, continuous phase species and temperature of the aerosol process, respectively. A lognormal moment approximations of the population balance model is presented. In Section 3, the robust state feedback controller is designed for the aerosol system with some unknown uncertainties including unknown or partially known time-varying process parameters, exogenous disturbance, and unmodeled dynamics, the proposed controller is composed of a robust control term and a nominal control term so that it only ensures the stability of the closed-loop system, but also attenuates the effect of the unknown uncertainties on the system. A high-gain observer is adopted to estimate state variables required in the on-line implementation of the state feedback. In Section 4, the proposed robust controller is applied to a general aerosol process for achieving an aerosol size distribution with desired geometric average particle diameter, the simulation results show the robustness properties of the controller with respect to parametric model uncertainty and unmodeled dynamics. Finally, conclusions are given in Section 5.
2 Mathematical model of aerosol process 2.1 Spatially-homogeneous aerosol process Consider a general aerosol process which described by the following nonlinear partial integro-differential equation [22] :
where the term n(v,t) represents the PSD function at time t , v is the particle volume, I(v * ) is the nucleation rate, G(x, v) and β (x, v −v,v) are the diffusional condensation growth function and the Brownian coagulation kernel of agglomerates, δ (·) is the standard Dirac function.
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A mathematical model which predicts the time evolution of the concentrations of species and temperature of the gas phase has the following form [21] : 
and for the near-continuum and the continuum regimes
In the above equations, S is the saturation ratio, T is the absolute temperature, D f is the fractal (Hausdorff) dimension, C f is the condensable vapor diffusivity, λ is the mean free path of the gas ( λ = vπM w /2k B T N av , where v and M w are the kinematic viscosity and molecular weight of the fluid, respectively, and N av is the Avogadro's number), µ is the viscosity of the fluid, n s is the monomer concentration at saturation (n s = P s /k B T , where P s is the saturation pressure), m  is the monomer mass, v  is the monomer volume, ρ is the particle density, r is the particle radius, C(v) =  + B  λ /r is the Cunningham slip correction factor, and B  = .. The nucleation rate I(v * ) is assumed to follow the classical Becker-Doring theory and is given by the following expression [23] :
where s  is the monomer surface area and k * is the number of monomers in the critical size nucleus which is given by:
where Σ = γv /  /k B T and γ is the surface tension. Remark 1. It is found experimentally that in many cases of practical interest, the total number of primary particles N p in an agglomerate is related to characteristic radius R through a power law expression N p ∼ R D f , where the exponent D f is called the fractal dimension. This is usually true in a statistical sense after averaging over many agglomerates with the same N p . The value of D f depends on the details of the agglomerate formation process. For compact agglomerates we have D f → , while for chain-like agglomerates we have D f →  .
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Remark 2. It is noticed that the collision kernel β FM in (3) is in a form that appears to be rather difficult to expand into a series with a manageable number of terms. The following approximation can be made [11] ;
The variables for b depend on the initial geometric standard deviation σ  and on the fractal dimension D f .
Remark 3. The manipulated input u(t) enters system (1)- (2) through (2), this assumption is usually satisfied in most practical applications where the wall temperature is chosen as the manipulated input.
Moment model
In this subsection, we present moment model of size distribution of fractal agglomerates in aerosol processes with simultaneous chemical reaction, nucleation, condensation and coagulation. Many experimental results and numerical calculation indicate that aerosol PSDs can be adequately described by unimodal lognormal functions. This result makes it possible to develop a moment model for the aerosol process in terms of the three leading moments of the size distribution. The log-normal size distribution function is written as:
where N(t) is the total number concentration of particles, σ (t) is the geometric standard deviation, and v g (t) is the geometric number mean particle volume. The kth moment of the particle size distribution is written as:
where k is an arbitrary real number. According to the properties of a log-normal function, any moment can be written in terms of M  , v g and σ as follows
Obviously, the three leading moments are sufficient to generate the lognormal PSD. Using the same derivation procedure as the one in [21] , we can easily obtain the following equations, which describe the time evolution of the three leading moments (i.e. the zeroth, first and second moments) of the size distribution for the free molecule size.
Similar to the case of the free molecule regime, the dynamics of the zeroth and second moments of the aerosol size distribution in the continuum size regime is described by the following equations: 
The moment equations for the free molecule size and continuum size regimes may be combined to describe the aerosol dynamics over the entire particle size spectrum by using the harmonic average of the dimensionless coagulation rates in the free molecule size and continuum size regimes [23] . Using the dimensionless variables listed in Table 1 , we have to the following equations:
Zeroth moment dN dθ
where
The rate of change of S can be obtained from a monomer balance and is given by:
Mathematical model of aerosol process
We consider a typical aerosol process in a cylindrical volume with diameter D T . Under the assumption of lognormal aerosol size distribution, the dimensionless model that describes the evolution of the first three moments of the distribution, along with the saturation ratio, reactant concentrations and fluid temperature, takes the following form:
whereC  andC  are the dimensionless reactant concentrations,T ,T w are the dimensionless fluid temperature and the dimensionless temperature of the heat transferring medium at the system boundary, respectively. A  , A  , B,C, E are dimensionless quantities, their explicit form are given in Table 2 . Table 2 Dimensionless variables for the model
We formulate the control problem as one of tracking the geometric average particle diameter of the aerosol system, by manipulating the wall temperature, i.e.
y(t) = d pg (t), u(t) =T w (t) −T ws whereT ws = T ws /T  = .
We write the model (18) in the following form:
where the explicit form ofx,f (x),g(x) can be obtained by comparing (18) and (19) .
Remark 4. In addition to being highly nonlinear, the real aerosol processes have uncertainties including unknown or partially known time-varying process parameters, exogenous disturbance, and unmodeled dynamics. Therefore, the real aerosol systems can be described by the following systems.
where ∆f (x) and ∆g(x) represent uncertainties caused by unknown or partially known time-varying process parameters, exogenous disturbance, and unmodeled dynamics.
Robust controller design
In this section, we will begin with the design of the robust controller. Our objective is to design a robust output feedback controller which guarantees boundedness of all variables for the closed-loop system and tracking of a given reference signal y d .
By differentiating the output y(t) with respect to t , we obtain the following nonlinear system represented by the differential equation
where r is the relative order (The definition can be found in [24] , and omitted here for brevity) of the output y(t) with respect to the manipulated input u(t) .
By taking x  = y, x  = y () up to x r = y (r−) , we can represent the augmented system by the state space modelẋ
is controllable canonical pairs of the form
Assuming the states is available for feedback, taking 
, we can use the following nominal state feedback control to achieve our objective.
where matrix K is chosen such that the matrix A m = A − BK is Hurwitz, i.e., all its eigenvalues are in the left open plane. However, due to the presence of uncertainties ∆ f (x) and ∆ g(x) , a nominal state feedback control alone cannot ensure the stability of the closed-loop system, it is necessary to add a robust compensator to deal with it.
where ε  , ε  > , P = P T >  is a solution of the following Lyapunov equation
The robust state feedback controller we proposed is as follows Proof: Let
The closed-loop system under the robust state feedback controller (26) is as followṡ
Consider the Lyapunov function candidate
The derivative of V (e) along the trajectories of the system is given bẏ
Obviously, we have
Substituting (29) into (28), we havė
where λ min (Q) denotes the minimum eigenvalue of Q . Using the lemma in [25] , we have
This completes the proof. 2
The on-line implementation of the controller (26) requires that the values of the state variables x are known. Unfortunately, x may be not be known in many practical applications. One way to address this problem is to use state observer to estimate x. Here we use the high-gain state observer aṡ
whereê =x −Y d ,x denote the estimate state of the state x, ε is a small positive parameter, the constants α i >  are chosen such that the roots of
have negative real parts. The state feedback controller (26) and the state observer (31) can be combined to yield the following nonlinear robust output feedback controller: We can prove Theorem 2 by following the proof line of Theorem 1, the detailed proof is omitted here.
Simulation study
The performance of the nonlinear robust output feedback controller (28) was tested through simulations. The values of the process parameters are shown in Table 3 . Table 3 Model parameters for the simulation study The objective of these simulations is to show that the use of proposed robust control allows producing an aerosol product with a desired geometric average particle diameter (d pg = .µm) within a given type of batch reactor even in the presence of uncertainty in the process model parameters. Figure 1 Also we simulated the robustness properties of the proposed controller with respect to parametric model uncertainty and unmodeled dynamics in the presence of a set-point change, the robust nonlinear controller was found to have very good robustness properties, keeping the output on the set-point.
Remark 7. It is worth to point out that the proposed approach for the design of robust nonlinear controllers is applicable to most aerosol systems for which the hypothesis of unimodal lognormal aerosol size distribution for long times is valid.
Conclusions
In this paper, we present a comprehensive study on robust control of particle size distribution of fractal agglomerate in aerosol processes with simultaneous chemical reaction, nucleation, condensation and coagulation. Initially, a general aerosol process is presented by population balance and mass and energy balances, which describes the evolution of particle size distribution, continuous phase species and temperature of the aerosol system, respectively. A lognormal moment approximations of the population balance model is then presented. Then, the robust state feedback controller is designed for the aerosol system with some unknown uncertainties, the proposed controller is composed of a robust control term and an nominal control term so that it only ensures the stability of the closed-loop system, but also atten- uates the effect of the unknown uncertainties on the system. A high-gain observer is adopted to estimate state variables required in the on-line implementation of the state feedback. Finally, the proposed robust controller is applied to an aerosol process for achieving an aerosol size distribution with desired geometric average particle diameter, the simulation results show the robustness properties of the controller with respect to parametric model uncertainty and unmodeled dynamics.
